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The “frequency response”

e The Discrete-Time Fourier Transform

(DTFT) o -
X ()= > x[nle”)"

N=—00

* For a causal system with unit sample
response h[n]J.

H(e'”) =Y h[nJe "
n=0



FIRDTFT

e If the system is FIR, h[n] Is of finite
length N, so:

I~ N_l . A
H(e')=> h[nJe™*"
n=0



Basic DTFT Properties

e Consider:

o0

H(e!”)= > o[nle " =1

N=—o0

e Whatis DTFT(0[n-n,])?

He)= > sln—nyle '™ =e "

N=—o0



DTFT Properties (cont.)

« Whatis DTFT(a"u[n])?

o0

H(e'”) =Y a'u[nle " = a"e ™ =>"(ae /)’
n=0

N=—o0 n=0

* A sum of an infinite geometric series:

o0
o=t
n=0 l-«

. (if |al<1)



DTFT Properties (cont.)

« So DTFT(a"u[n]), |a|<1:

X(ee ) =i
n=0

1—ge @

e Sum of a finite geometric series:

n n
~ ., a’—a
Do =

n=n, 1_ (04

n+1

SP Spring 2018 Mabher



DTFT (cont.)

« SO0 DTFT of a rectangular pulse
r.[n] = u[n]-u[n-L]
1—edot 5'”('—0)/2) ~ja(L-1)/2

L-1
R jo _ 1 — jon _ _
") nzz(; ° 1-e7”  sin(@/2) °
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11-point rectangle
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Table 7-1 Basic discrete-time Fourier transform pairs.

Table of DTFT Pairs

Frequency-Domain: X (e’®)

Time-Domain: x[n]
3[n] 1
8[n — ng4l g ind
sin( L) 1\ /2
riln] = uln] —ufn — L] — i e
sin(5w)
in(L7.(HH — &
]"L[n] eJCDOn Hln(:[J((’) (A)“)) (}7‘/‘((:)7{7)[,]‘[,71]_‘-‘:
sin( (& — @,))
sin(wpn) l  |@] < @,
Tn 0 wp<|o|<m
1
asln] Ulal = 13} v
| —ae—i®
|
—b"'u[—n — 1] (|| > 1) —
| — be—J®
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Table 7-2 Basic discrete-time Fourier transform properties.

Table of DTFT Properties

Property Name

Time-Domain: x[n]

Frequency-Domain: X (e!*)

Periodic in @

‘_‘\’((,l(zu*._\‘,frl) e X((},',;,)

Linearity

ax([n] + bxa[n]

aX(e!®) + bX,(el?)

Conjugate Symmetry

x[n] is real

X (e /%) = X*(e/?)

Conjugation x*[n] XHe%)
Time-Reversal x[—n] X (e /)

Delay x[n — ng jona y (g%
Frequency Shift x[n]ei®on X (e/(@—b0))
Modulation x[n] cos(&on) 2 X (e @00y 4 2 X (ed @ +))
Convolution x[n] * hn] X (e/®)H (e/%)
Autocorrelation x[—n] * x[n] 1X (e/9))

Parseval’s Theorem

n=—00

> x[n))? =

1 [ B———
; / ],-\'{(*M)\W/m
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Freg. Response Properties

e For FIR: h[k]=b ,0<k <M
H(6)= 2 hlie

k=0

* Note that H(w) Is always periodic In 21T
 |f FIR coefs b, are real, this implies that
H(w) has conjugate symmetry:

H(-3)=H"(®)



Conjugate Symmetry Proof

(b, are real)

Magnitude is an even function, Phase is odd

Real part is even, imaginary part is odd
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Discrete time processing of
continuous time signals

« Sample a continuous-time signal,
perform discrete-time processing, then
reconstruct the continuous-time signal

x(t)_’

Ideal
Sampler

X[n]

|

1f,

1 FIR LTI

y[n]
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Discrete-time processing (cont.)

o Effect of sampling: assume

x(t) = Xe'”*, sampleatt=nT,

x[n] = X! = Xe!™", &=,
y[n]=H (e'*) X" = H (&) Xe """
y(t) = H(e"")Xe!

e Overall response behaves like a continuous-
time system with response H(wT,)
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